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Abstract—A 2D (k—¢) turbulence model was developed for use with dilatable flows at high Reynolds

numbers. A new approach relative to the modelling of the density-velocity correlation term is proposed,

and a relation concerning the Prandtl turbulent number was used taking into account both the wall and

gravity effects. This model was validated by experimental results obtained at the E.C.L. Fluid Mechanics

and Acoustics laboratory on a stable thermally stratified turbulent boundary layer developing at a quickly
cooled smooth boundary surface.

1. INTRODUCTION

THE sTUDY of flows in the presence of gravity effects
is a subject that has been widely studied in the scientific
community [1-7]. This interest is justified particularly
by the impact of pollutant disposals on our environ-
ment. Flows involved in this type of problem are
generally turbulent and may be the source of large
temperature variations ; they are then necessarily sub-
jected to the effects of gravity. A detailed experimental
approach to these situations is necessary in order to
better understand transport or dispersion mechanisms
involved. In this respect, it can refine physical models
normally used. These models are generally based on
statistical approaches to turbulence with one point
closure model. The well-known k—¢ two equations
model is based on a turbulent viscosity assumption.
However, this assumption does not appear to be suit-
able for taking into account the gravity effects which
change the isotropic nature of this viscosity.

Modifications to this model! are proposed here,
making use of information obtained from more pre-
cise models (second order algebraic models) and
experimental data obtained from stable stratified
boundary layer experiments carried out in the lab-
oratory. Modelling assumptions are described below
followed by the experimental set up and comparisons
between experimental and calculated results.

2. THE SYSTEM OF EQUATIONS

2.1. Conservation equations

The study described below applies to a low Mach
number turbulent flow of a single phase fluid which
may be the source of large temperature variations.
The fluid density is then directly related to the tem-

perature by a perfect gas state equation in which the
pressure is assumed to be constant.

The statistical approach used is based on the
Favre classical decomposition for temperature (7 =

T+86"), velocity ((7 = U+ 17’) and the Reynolds
decomposition for pressure (P = P+p’) and density
(p=p+p).

Neglecting radiation effects and variations of physi-
cal fluid properties, the state and conservation equa-
tions can be written as follows in dimensional form:
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NOMENCLATURE
C sound celerity Greek symbols
G, specific heat of air at constant pressurc B volumetric expansion coefficient
C, specific heat of air at constant volume v C,/C,
£ acceleration of gravity é boundary layer thickness
k turbulent kinetic energy per unity of ; rate of dissipation of turbulent kinetic
mass, ">+ +w"?) energy
T,  external temperature flow A thermal conductivity
T,  wall temperature K dynamic viscosity
U, friction velocity, (ty/p)"” p..  external density flow
U, external velocity flow To surface shearing stress.

U, Vand W longitudinal, lateral and
vertical components of the flow

X, Yand Z longitudinal, lateral and vertical
coordinates.

2.2, The k—& model

As the above system of equations is opened, the
Reynolds tensor and the turbulent heat flux should be
modelled.

This is done by using the Boussinesq hypothesis
extended to flow with variable density [8] for the
Reynolds tensor

e Y L3\ =
ﬁu/l*uﬂ = 3-(pk+;t‘dw U)' I

7 = -
_p, (gi_'éd U+ gradt ff)

and a first gradient assumption for heat fluxes [8]

- e —, =
_ ngr — U . T.
pu"f Pri grad
The turbulent viscosity g, is a scalar quantity which
can be linked to & and ¢ by the following relation [9]:
_ K
l‘tl = pC,u ,(}_ N

The exact equation for the evolution of k may be
obtained classically (see refs. [10, 11])

i

%(ﬁk}—kdiv (w&) — —pu*w grad U
(}
wdiv[;ﬁmp - +ru"]

G
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i - grad P+p divi —pe.

This equation contains many unknown terms already
encountered in incompressible flows or in flows at
variable density. Classical models for incompressible
fluids are extended to the dilatable case. The com-

pressible case involves mixed density-velocity terms

of the z:"-grgd P type and dissipation terms due 1o

viscous friction, of the form div (?J) The dis-
sipation term p - ¢ includes terms which are not present
in the incompressible case ; the equation for the evol-
ution of this dissipation is much more difficult to
handle than for the incompressible case and models
used are normally based on those defined for incom-
pressible fluids; this evolution equation is written in
the form [11]

dpe = e
7{% +div(p-U's) = —div (;)- U'ﬁ‘)+p’(l’(;—~1)n)

where &' is the instantaneous dissipation, P,, D, are
respectively the production of mean flow and dis-
sipation by viscous effects.

2.3. Modelling the densitv-velocity term

The density—velocity correlation term appearing in
the equation for the evolution of k can be written in
the form

G, = — " g;z;d P = p~:) grgd P.
{

_ The problem is then reduced to modelling the

P’ -1’ correlation. Much work has been done on this
model, for instance by Jones [12] who introduces a
first gradient assumption for this quantity. We will
here only use the first gradient hypothesis already
applied for the turbulent heat flux closure.

Starting from the state equation and a first gradient
assumption for the heat flux, we obtain the following
relations:

,7:;.' ,()8"3;"
pu ==
T
with
ET o o=
_ /r()/r L d T,
pu Prt gra
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then
G, = — ™ oradp-grad P.
Pri-p?
For the classical Boussinesq approximation

grad P ~ p* g, then using the Reynolds decomposi-
tion for velocity and temperature and the first gradient
hypothesis, the term G, is reduced to:

He =
G, = —"'— ‘g
p Prt.ﬁgradp g

A term similar to G, can be introduced for the &
evolution equation by writing P, and D, in the form
[13]

2

G, 3
P, =C :lk Pl\+p 5 DH=CE2‘E'

The value P, can be corrected to take into account
a preferred production direction [14, 15], then we
write

P, = Cf1k<Pk+ )(1+Cp3Rr)

where

R = —G(w") / (P”“i) and G(W")

is the energy production for the vertical velocity com-
ponent.

2.4. Closed system of equations
The modellisation is made at high Reynolds number
and smdll Maclljumber, then the terms o,

4 le w and div 17’;7’ are negligible. The term OP/ot
is also supposed to be negligible, compared with

U grad P. Then we have the final system of equations
in non-dimensional form

op =
5—+le< >=O
0_> [/ _ 3 3
5;pU+d1v pU*U
= —gradP— gfgrad< vl_})

+ —- dIV [grad U+ grac (7]
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Model constants are those used in incompressible
flow, see Table 1.

2.5. Modifications to the standard model to take into
account the gravity effects

As we have seen, the turbulent viscosity used in the
k—e model is a scalar which cannot take into account

Table 1.
C. Co Cos Ok 4
1.44 1.92 0.8 1.0 1.3
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the influence of a strongly anisotropic phenomenon
such as gravity. One possible solution to this problem
1s to use second order turbulence models which do not
mclude any turbulent viscosity assumptions {(ASM or
RSM model). However, these models are difficult to
use and require the use of adapted calculation algo-
rithms. We have decided here to use these second
order models and particularly the ASM model in
order to obtain information for improving the stan-
dard k—¢ model.

Considering the classical relation leading to the
Rodi algebraic model {16]

:r"

{Conv—diffy 2 = (Com —diffy,

written for the w component parallel to gravity forces.
Starting from this relation, Rodi [16] determines an

expression for C, in the following form:

7l

W

C.=w:*

k
o 1= Cat 30 Con 1 0(p, f19) LAPL G
Ci+3Cf
where (with G, = G,/p)
| (1=C(=Cor) a(RB./) B
, (1—C,+3C.-Cy-)C
0 i) = R
|
(C,+3C NCyy
0.09
L(PeG) = ——— ey
201 —Cz)(c. —14C, (J»}—fé»
T R
3C, (C,+ fux i—l)
and
P+G G
sl AT S
W ~_2 e
kK 3
C,+2C, - f+ f‘f@-—l
F,=C,-2C,C% f
Fy=3-C,-2C,+2-C,Cs* f
1
B,
HRB. ) = fr20—CR B
k20T
B=bez5z

In our study, we have used the relation given by Chung
and Sung [17] for £, which is the wall damping
k} Z(l R ) i/4
="z

where (1-—R)'* is the buoyancy correction factor,
and Z is the distance from the wall.
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The values of constants are given in Table 2.
These relations make it possible to take into
account the gravity eﬁects in the expression of €, since

N?

the calculation of w”? includes the G, production
term. Several models may be used for the turbulent
Prandtl number. The first is based on Rodi’s work
[16] and consists of writing

where

*T Gt Cr fH2(1-C)R- B’

A second approach deduced from experimental
work carried out by Munk and Anderson [18] and
dealing with the study of stratified marine medium,
can be used to write

(1+3.33R)"*

P!’{E = P?‘tg' (imﬁ(
with
R .8 Tz
T T (UjaD)?

(R; = Richardson’s gradient number),

Prt, is the value of the turbulent Prandtl number, in
the absence of stratification (here taken equal to one).

Rodi’s approach [16] makes it pussible to introduce
both the gravity and wall effects, whereas Munk and
Anderson’s approach [18] consists of introducing the
gravity term more explicitly through Richardson’s
gradient number.

In order to take into account the wall effects, we
have substituted in Munk’s approach Prey given by
Rodi [16] for Prt,, then the present proposition is to
write :

(1+333R)"
ri = P?‘IR w("mORi)O‘S .

2.6. Treatment of zones close to boundaries

Equations for the k—& model were developed for
high Reynolds number flows. They can therefore not
be used for zones very close to boundaries in which
viscous effects become important.

Local equilibrium equations then have to be used,
making it possible to transfer the condition at the
boundary to a distance at which viscous effects
become negligible.

The semi-logarithmic law normally used is that
which is obtained analytically for a turbulent iso-
thermal boundary layer established on a flat plane.
However, it would appear that this law remains appli-
cable for flows in which high temperature variations
exist [19]. In this case, the values of Karman’s kine-
matic k, and thermal k, constants in the logarithmic
law should be changed in order to take into account
the degree of stratification or heat flux variations at



Validation of a k—¢ model 2721
Table 2.
C, C. Cp Oy o, C, C, C,
1.44 1.92 0.8 1.0 L3 1.8 0.6 0.6
< <y Cir Cor Cxr T R C.
0.6 0.3 3.0 0.5 0.5 0.5 1.0 3.72

the boundary. For a stable stratification, results pro-
vided by various authors {17, 20] give values of k,
between 0.13 and 0.42 and values of &, between 0.1
and 0.46. In our experience, the values of these con-
stants are between 0.13 and 0.24 for £,, and between
0.1 and 0.2 for k,. Based on the experimental data that
we used to validate the model, we added variations to
the constant for the kinematic law ; the experimentally
determined flux is imposed at the wall.

2.7. Solution method and boundary conditions

The discretization scheme is semi-implicit in time,
allowing linearization of equations at each time step.
The momentum equation coupled with the continuity
equation is solved by an Uzawa type iterative pro-
cedure together with a conjugated gradients method
[21].

The spatial discretization is based on a finite
element variational formulation, the details of which
are described by Brun [22].

On solid boundaries, non-homogeneous Dirichlet
type conditions are imposed on all variables except for
the temperature for which a Neuman type condition is
applied.

Concerning free boundaries, Dirichlet type con-
ditions are imposed at the start of the calculation
range and at the outside boundary for all variables.
At the end of the calculation range, homogeneous
Neuman conditions are imposed for all variables
except the pressure for which a reference condition is
fixed (for example, atmospheric pressure).

3. EXPERIMENTAL STUDY OF A THERMALLY
STABLE STRATIFIED TURBULENT
BOUNDARY LAYER

3.1. Experimental set up

The wind tunnel used is of “closed loop™ type with
venting downstream of the test section. This test sec-
tion is 14 m long, 3.7 m wide and 2.5 m high. The roof
is adjustable in order to maintain constant pressure
in the direction of flow.

The following are arranged at the entrance of the
test section:

(i) a 0.17 solidity homogenization grid;
(ii) a wall air injection device for enhancing the
boundary layer thickness; and
(iii) a comb for fixing the transition of the bound-
ary layer.

Stable thermal stratification is obtained by intense
cooling of the floor with liquid nitrogen: a complete
discription is given by Morel et al. [23].

The flow velocity is continuously adjustable from
Ims 'tol0ms™

3.2. Measurement technique

The mean and fluctuating kinematic and thermal
fields are explored using a T.S.I. three wire probe
comprising two 5 um diameter platinum wires crossed
and connected to a constant temperature anemo-
metric system; these two wires are located on each
side of a 2 um diameter platinum wire through which
a low current passes, sensitive to temperature only.
Sensitivity coefficients are obtained by direct cali-
bration in a wind tunnel in which velocity can be
adjusted between 0.5 and 3 m s™ ' and temperature
can be adjusted from —20 to +30°C.

Temperature and flux measurements at the wall
are carried out by copper-constantan thermocouples
distributed over the entire surface of the floor.

Data acquisition and processing are carried out by
a PDP 11/73 computer.

4. COMPARISON BETWEEN PREDICTION
AND EXPERIMENT

Several series of tests were carried out on a smooth
wall, firstly in a neutral situation and secondly in a
stable thermally stratified situation, with an external
flow velocity U,, of 1.80m s~ '.

The main results of these tests have been presented
elsewhere [23], and we will compare these results with
those provided by the model proposed in this paper.
The entry profiles to start the calculation are exper-
imental profiles of

(i) the mean velocity;

(i) the mean temperature ;

(iii) the turbulent kinetic energy ; and

(iv) the calculated dissipation of the turbulent vis-
cosity within the X = 6.4 m section, where the origin
is fixed at the transition comb. Experimental turbulent
heat fluxes are imposed at the wal together with kine-
matic Karman constant values &,

We made comparisons between experimental and
numerical results at section X = 9300 mm (which rep-
resents a good compromise between the end effects of
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Fic. 1. Turbulent Prandtl number profiles.

the working section and development of a steady state,
The following two cases were examined :

Case (a)-—classical Boussinesq hypothesis (vari-
ations of p are only included in the gravity term of
the momentum equation.

Case (b)—{ully dilatable flow {variations of p taken
into account in all terms).

In both of these cases, we have used successively a
constant turbulent Prandtl number and a variable
turbulent Prandtl number, keeping respectively Rodi
[16], Munk and Anderson’s [18] formulation and the
refation proposed in this study, that we will designate
by ‘present’ Prt. The profiles of the different turbulent
Prandtl numbers in terms of the boundary layer thick-
ness J, are shown in Fig. 1. It can be seen that the
‘present’ Prandtl is the best represcntation of the
experimental results obtained.

Non-dimensional distributions of mean velocity
and temperature (Figs. 2 and 3) obtained exper-
imentally agree fairly well with model results, regard-
less of which case is considered, except close to the
wall (Z/8 < 0.15) where the predicted temperature is
higher than the experimental results.

Concerning turbulence characteristics, we will
examine cach of the two cases (a) and (b) separately
using the different choices for the turbulent Prandtl
number.

The turbulent heat fluxes w0/U (T, —T,) arc pre-
sented for cases (a) and (b) on Figs. 4 and 5, respec-

1O
DU- 05
® 18
a
Case Boussinesq {Dilatable
Pradiction with PR
Present: Pri
Experience, Morel #t ol. [23]} =]
1 1 L
Q 05 1.0 L5
y/8

F1G. 2. Mean velocity profiles.
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i

Fi1G. 3. Mean temperature profiles.

tively. For case (a), the present relation proposed for
the turbulent Prandtl number is the only one that
agrees with experimental results except in the internal
layer in which a difference remains. In case (b), regard-
less of what relations are used for the turbulent
Prandtl number, except for the constant turbulent
Prandt]l number, the results obtained agree fairly well
with experimental results. Note that the model with
proposed ‘present’ Prt¢ gives quasi-similar results in
cases (a) and (b), however with a better prediction for
case (b) close to the wall.

Turbulent Prandtt number| Symbot
Cst, Pricl4 o
4 Rodi [16] [5]
S Munk and Anderson [i7] ———
= Present re——
> Experionce, Morel et al. 23}

/8

F16. 4. Distribution of vertical turbulent heat flux. Case
(a)—Boussinesq hypothesis.

5
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number Pri
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Dilotable | Rodi Di6] [s}
b Ditatoble | Mnk ond Anderson [17] | &
= Ditgtabls | Present
Xl Bouss| Prevent —_———
‘\Q
I‘b " Experiance | Morel et al, (23] A
EY
Y
*2
Q
i

»/38;

Fi1c. 5. Distribution of vertical turbulent heat flux (dilatable
flow).
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F1G. 6. Square root of Reynolds stress. Case (a)—Boussinesq
hypothesis.
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N
t
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FiG. 7. Square root of Reynolds stress (dilatable flow).

The Reynolds stress uw/ U, are given in Figs. 6 and
7. Only the model with the ‘present’ (Prz) for case
(b) gives results close to experimental results in the
dilatable case.

The turbulent kinetic energy (Figs. 8 and 9) is sat-
isfactorily predicted within the Z/d > 0.4 zone for
cases (a) and (b) with the proposed (Prt), however,
case (b) gives a slightly better approach in the internal
zone.

In case (b) the proposed model predicts fairly well
the gradient R; and flux R, Richardson’s numbers, as
shown in Fig. 10.

Turbulent Prandtl number | Symbol
/ N\ Cst, Prt=1.4 o
Rodl [i6] o
Munk and Anderson 7]
Present

Experience, Morel et ol.

o] 0.5 10 t.5
/3,

F1G. 8. Distribution of turbulent kinematic energy. Case
(a)—Boussinesq hypothesis.
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Symbol
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Dilatabie
Dilatable
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J
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r/3
FiG. 9. Distribution of turbulent kinematic energy (dilatable

flow).

03 Case Rl R

Prediction with present Pr¢ [———|=—=
Experlence, Morsl st ol. 23| o | 0

Rey Ri

y/3,

Fic. 10. Distribution of Richardson gradient and flux
number.

5. CONCLUSION

It would appear that buoyancy effects are not
satisfactorily taken into account by Munk and
Anderson’s empirical relation [18]. However, it should
be emphasized that the result given by Munk and
Anderson [18] was established for a marine medium.
The formulation of the turbulent Prandtl number by
Rodi [16] deduced from the A.S.M. model offers an
advantage to Munk’s relation. But in this formulation
the introduction of the wall damping function f,
which takes into account the influence of the wall,
presents rather an inconvenience due to its empirical
character. Despite fairly encouraging results provided
by the model used here, it is still necessary to search
for further improvement in the wall region in which
there are significant differences from experimental
results. An attempt should therefore be made to find
a specific empirical relation for a stable stratified
boundary layer in order to improve the prediction
for the entire layer.
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VALIDATION D'UN MODELE k-¢ A PARTIR DE RESULTATS EXPERIMENTAUX EN
COUCHE LIMITE TURBULENTE THERMIQUEMENT STRATIFIEE STABLE

Résumé—Un modéle de turbulence 2D (k—¢) est développé dans le cadre d’écoulements dilatables a grands
nombres de Reynolds. Une nouvelle approche concernant la modélisation du terme de corrélation densite-
vitesse est proposée et une relation concernant le nombre de Prandtl turbulent tenant compte a la fois des
effets de paroi et de gravité a été utilisee. Ce modéle a été validé au moyen de résultats expérimentaux
obtenus au laboratoire de Mécanique des fluides et d’Acoustique de 'E.C.L. sur un écoulement de couche
limite turbulente thermiquement stratifiée stable se développant sur une paroi plane lisse fortement refroidie.

BEWERTUNG EINES k- MODELLES DURCH AN EINER THERMISCH STABIL
GESCHICHTETEN TURBULENTEN GRENZSCHICHT ERHALTENE
EXPERIMENTELLE ERGEBNISSE

Zusammenfassung—Ein zweidimensionales k—¢ Turbulenzmodell in ausdehnbaren Strémungen mit hoher

Reynolds-Zahl wurde entwickelt. Eine neue Annédherung fiir die Modellierung der Dichte-Geschwingkeit

Korrelation und eine fiir die turbulente Prandtl-Zahl gleichzeitig die Auswirkung der Wand und der

Schwerkraft beriicksichtigende Formel wurden vorgeschlagen. Dieses Modell wurde mittels der im Labor

fiir Stromungsmechanik und Akustik, an einer thermisch stabil geschichtenten turbulenten Grenzschicht
ldngs einer stark abgekiihlten glatten ebenen Wand erhaltenen Ergebnisse nachgepriift.

MMTPOBEPKA 23®®EKTUBHOCTHU k-: MOJAEJIH C ITOMOUBIO SKCINEPUMEHTAJIBHBIX
JAHHBIX IS TEPMUYECKH YCTONYHUBOTO CTPATUOHIIMPOBAHHOI'O
TYPBYJEHTHOI'O TIOTPAHHUYHOI'O CJ10s

Annotanas—Pa3paborana nBymepHas (k—e) Momenb TYpOYJEHTHOCTH IS PAaCHIMPSIOUIHXCS TeYeHHH
npy Gosbimx uymcnax PefiHonbica. [lpennoxeH HOBBHI MOOXold AJ MOJCTHPOBAaHHA CJIAraeMoro,
YCTAaHABIMBAIOLIEr0 KOPPENALHMIO MEXAY IUIOTHOCTBIO B CKOPOCTBIO. HICNOb30BaHO COOTHOIIEHHE MU
Typ6ynenTHoro uucia IIpanaTins ¢ yaeroM 3¢¢ekTOB CTEHKH H CHUIN TsokeCTH. ¢ deKTABHOCTL pa3pa-
60TaHHOH MOZENH NPOBEPSNIACH C MOMOIIBKO IKCIEPHMEHTANLHBIX JAaHHbIX, TOJNYYCHHLIX B jgaboparo-
puu llentpansHo#t JIHOHCKOM MIKOJIBI MEXaHHKH XHAKOCTEH H aKyCTHKH Ul TEPMHYECKH YCTOMYHBOTO
cTpaTHQHIMPOBAHHOrO TYpOYIEHTHOrO NOrPaHHYHOTO CJIOA, PA3BHBAOILETOCH MPH GLICTPOM OXNlaxne-
HHH I'J1aJK0| rpaHHYHON NOBEPXHOCTH.



